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Consider (κ+++, κ++)  (κ+, κ) where κ is an uncountable regular car-
dinal. By a result of Shelah’s we have cof(X ∩ κ++) = κ for almost all
X ⊂ κ+++ witnessing this. Here we consider the question if there could be
a similar result for X ∩ κ+. We will use this discussion to give an interesting
example of an pseudo Prikry forcing answering a question of Sinapova.
1 Introduction
Let λ, λ′, κ, κ′ be regular cardinals with λ > κ and λ′ > κ′. We take (λ, κ)  (λ′, κ′) to
mean: for any structure (in a countable language) on λ there exists a substructure X
with Card(X) = λ′ but Card(X ∩ κ) = κ′.
Originating in Model Theory this seemingly innocuous property has significant large
cardinal strength. Its most basic form (often known simply as the Chang conjecture),
(ℵ2,ℵ1) (ℵ1,ℵ0) in our notation, is equiconsistent with an ω1-Erdős cardinal.
The exact consistency strength of the analogous property (ℵ3,ℵ2)  (ℵ2,ℵ1) has
proved more elusive. Though it is known to be consistent relative to the existence of a
huge cardinal by an argument of Kunen’s [Kun78].
Generally, we will use the language of stationary sets throughout this paper. Recall, a
subset S of P(X ) is stationary iff for all F : [X ]<ω → X there is some X ⊆ X in S that
is closed under F . (λ, κ) (λ′, κ′) then means: there is a stationary set of X ⊂ λ with
Card(X) = λ′ but Card(X ∩ κ) = κ′.
Note that this is equivalent to saying that there is stationary set of X ⊂ Hλ with X∩λ
satisfying (λ, κ) (λ′, κ′).
Consider now some κ uncountable and regular. Assume (κ+++, κ++)  (κ+, κ). (A
more optimal consistency proof for this property has recently appeared in[EH18]). The
question givenX ⊂ κ+++ witnessing this and a cardinal α ≤ κ+++ is: what is cof(X∩α)?
To avoid unnecessary complexity we will make the additional assumption that κ ⊂ X.
(The known consistency proofs provide structures with this property. This stronger
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property will be denoted by the subscript κ as in (κ+++, κ++)κ (κ+, κ)) Furthermore,
due to an argument of Shelah’s (see [Jec06], p 451, first applied in this context in [FM95])
we have cof(X ∩ κ++) = κ for all but non-stationarily many Chang structures X. We
remain curious about cof(X ∩ κ+).
In the first part of this paper we will give some rather basic results about possible
values for this cofinality using elementary methods. Most pertinent here is that if GCH
holds, then all reasonable values are possible.
These results also extend to many other Chang properties, say (κ+4, κ+++)κ (κ+, κ),
but to keep our notation tidy we will consider only the simplest representative case.
We will use these results together with arguments from [EH18] to prove this:
Theorem 1.1: Let κ < λ < δ be three cardinals such that κ is λ-supercompact, λ is
+2-subcompact, and δ is Woodin or strongly compact. Then there exists a set generic ex-
tension of the universe V [G] containing partially ordered sets Pα for any regular cardinal
α ≤ κ with the following properties: Pα does not add bounded subsets to κ, it changes
cof(κ) to ω and cof(κ+) to α, but does not collapse κ+++.
This answers a question of Sinapova [Sin, Question 3], but we do think it an incomplete
answer as the forcings we get do collapse many cardinals in between κ+++ and δ. The
argument does point to a possible approach to a complete answer, though. 3Open
QuestionsQuesCounter.3
2 Basic thoughts
For the remainder of this section we shall fix an uncountable regular cardinal κ.
Lemma 2.1: Assume (κ+++, κ++) κ (κ+, κ) and 2κ
+ ≤ κ++. Then for all regular
cardinals α less than κ+ we have a stationary set Sα witnessing (κ+++, κ++)κ (κ+, κ)
such that cof(X ∩ κ+) = α for all X ∈ Sα.
Proof: Let A be a Skolemized structure on Hκ+++ . By assumption, we know that there
exists some X ≺ A with κ ⊂ X, Card(X ∩ κ+++) = κ+, and Card(X ∩ κ++) = κ. We
shall show that for all β ∈ κ+ the Skolemhull of X ∪{β} (notated here as SkA), too, is a
Chang structure of the required type. By iterating this procedure we can then construct
an ⊂-increasing and continuous sequence of Chang structures 〈Xγ : γ ≤ κ〉 with Xγ ≺ A
and Xβ ∩ κ+ ∈ Xγ for all β < γ ≤ κ.
Xα then is a substructure of A of the required type with cof(Xα ∩ κ+) = α.
Consider then Y := SkA(X ∪{β}). Obviously, we have κ ⊂ Y and Card(Y ∩ κ+++) =
κ+. It remains to be seen that Card(Y ∩ κ++) = κ. Without loss of generality we can
assume that A satisfies the collection scheme. Therefore we have that any element of
Y ∩ κ++ can be written as f(β) where dom(f) = κ+,ran(f) ⊂ κ++ and f ∈ X.
By our assumption there are only κ++ many functions from κ+ into κ++. We then
have some bijective g : κ++ → κ+κ++ in Hκ+++ . By elementarity there is some such
g ∈ X witnessing that Card(κ+κ++ ∩X) = Card(X ∩ κ++) = κ. We conclude then that
Card(Y ∩ κ++) = κ as desired. a
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The next lemma shows that the conclusion of the preceding lemma can hold even if
the powerset of κ+ is large.
Lemma 2.2: Assume the conclusion of the preceding lemma holds. Then there exists
some forcing extension of the universe V [G] in which the conclusion remains true, but
2κ
+
> κ++.
Proof: Let P be the partial order for adding κ+++ many Cohen reals. It is well known
that P has the c.c.c. From this it follows that Sα from the conclusion of the lemma will
remain stationary in any P-generic extension of the Universe.
To see this, realize that for any name F˙ for a function in [κ
+++]
<ω
κ+++ there exists
in V some F : ω × [κ+++]<ω → κ+++ such that F˙G(a) ∈ {F (n, a)|n < ω} for all finite
a ⊂ κ+++ and all G ⊂ P generic over V . a
So, so far we have realized that we do have complete freedom in what cofinalities can
be realized in a Chang structure assuming GCH. We have also realized that GCH is
not strictly required for that conclusion. The next lemma will show though that some
restrictions on the behaviour of the continuum function do exist.
Lemma 2.3: Assume (κ+++, κ++)κ (κ+, κ), and 2κ ≤ κ++ but 2κ+ > κ++. Let µ be
such that κµ = κ, then cof(X ∩ κ+) > µ for all but non-stationarily many X ⊂ κ+++
witnessing (κ+++, κ++)κ (κ+, κ).
Proof: Assume for a contradiction that some X ⊂ Hκ+++ witnesses (κ+++, κ++) κ
(κ+, κ) but cof(X ∩ κ+) ≤ µ. We can then assume that Card(P(κ+) ∩X) = Card(X ∩
κ+++) = κ+ but Card(P(κ) ∩X) = Card(κ++ ∩X) = κ.
On the other hand, every subset of κ+ in X can be identified with a µ-long sequence
of bounded subsets of κ+ all of which are in X. (Say 〈αξ : ξ < µ〉 were cofinal in X ∩ κ+
then any A ∈ X ∩ P(κ+) is determined by 〈A ∩ αξ : ξ < µ〉.)
We then have that κ+ = κµ = κ. Contradiction! a
3 A pseudo Prikry forcing
The term Prikry forcing is here used informally to refer to a forcing notion that changes
the cofinality of some (inaccessible) cardinal κ but does not add bounded subsets of
κ. Using supercompact cardinals it is possible to construct a forcing that will change
the cofinality of both κ and any number of succesor cardinals. In such a construction
however κ and its successors must be assigned one uniform cofinality. Generally, such
Prikry forcings will also have optimal chain conditions.
In [Sin] Sinapova asked if there could be a forcing extension of the universe V [G] that
changes the cofinalities of say κ, κ+, κ++ without adding bounded subsets, and satisfies
that cofV [G](κ) 6= cofV [G](κ+) but κ+++ is not collapsed. (Note it is impossible to have
a forcing extension such that cofV [G](κ) 6= cofV [G](κ+) but κ++ is not collapsed.)
Here we will show that the answer is yes. We will have a forcing extension V [G] such
that cofV [G](κ) 6= cofV [G](κ+) and κ+++ is preserved (, but larger cardinals may be
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collapsed). Our forcing will not add bounded subsets of κ but we call it a pseudo Prikry
forcing because it does not have the structural properties of a “true" Prikry forcing.
Lemma 3.1: Let κ < λ < δ be cardinals such that κ is λ-super compact, λ is +2-
subcompact, and δ is Woodin or strongly compact. Assume GCH. There exists a forc-
ing extension V [H] such that in V [H] κ is still measurable, GCH is preserved, and
(κ+++, κ++)κ (κ+, κ) holds. Furthermore, δ remains Woodin or strongly compact.
Proof: By [EH18] there exists some ρ < λ such that forcing with Col(κ, ρ+)×Col(ρ++, λ)
gives us (κ+++, κ++) κ (κ+, κ). We claim that more is true. There is in fact a ρ < λ
such that forcing with P ∗ (Col(κ, ρ+)×Col(ρ++, λ))V P gives us (κ+++, κ++)κ (κ+, κ)
for any P ⊆ Vκ.
This requires only minor alterations to the proof of Theorem 17 from [EH18]. Coun-
terexamples will now be pairs 〈Pρ, f¨ρ〉 where Pρ ⊂ Vκ is a partial order, and f¨ρ is a Pρ-
name for f˙ρ, a Col(κ, ρ+)× Col(ρ++, λ)-name for a counterexample to (κ+++, κ++)κ
(κ+, κ). We can then pick some ρ such that there exists an elementary embedding
j : (H(ρ++);∈, 〈〈Qξ, g¨ξ〉 : ξ < ρ〉)→ (H(λ++);∈, 〈Pρ, f¨ρ〉 : ρ < λ〉). a
The important part is that if G ⊂ Pρ is generic over V then j extends onto H(ρ++). The
rest is as before.
Pick then such a good ρ. Pick also some f : κ→ κ, g : κ→ κ, and a λ supercompact-
ness embedding such that j(f)(κ) = ρ and j(g)(κ) = λ. Let Pκ be the Easton support it-
eration made up of 〈Pα, Q˙α : α < κ〉 where Pα Q˙α = Col(αˇ, ˇf(α)
+
)×Col( ˇf(α)++, ˇg(α))
for all α < κ. Let Gκ ⊂ Pκ be generic over V and let P := (Col(κ, ρ+)×Col(ρ++, λ))V [G].
Let then G ⊂ P be generic over V [Gκ].
Because ρ was good and Pκ ⊂ Vκ we do know that (κ+++, κ++) κ (κ+, κ) holds in
V [Gκ] [G]. But we would also like to know that κ remains measurable. The following
is standard: PaP˙ is an initial segment of j(PλaP˙ ); p :=
⋃
j” [G] ∈ M [Gκ] [G] and acts
as master condition, i.e. if Hj(κ) ⊂ j(P) is generic over M [Gκ] [G] end-extending GκaG
and H ⊂ j(P) is generic over M [Hj(κ)] with p ∈ H, then j extends to an elementary
embedding from V [Gκ] [G] into M
[
Hj(κ)
]
[H]. The last thing to note is that such a H
can be found in V [Gκ] [G] due to the closure of the collapse forcing and the small amount
of M [Gκ] [G]-dense sets.
This is the first ingredient in our proof. The second and third ingredients will be the
results from the previous section and Woodin’s Stationary Tower Forcing.
Lemma 3.2: Let κ be a measurable cardinal such that (κ+++, κ++) κ (κ+, κ) holds.
Let δ > κ be a Woodin cardinal or a strongly compact cardinal. Assume GCH. Fix α ≤ κ
a regular cardinal. Then there exists a forcing notion that will not add bounded subsets
to κ, changes the cofinality of κ to ω, that of κ+ to α but does not collapse κ+++.
Proof: Let Pδ be the full stationary tower on Vδ (see [Lar04]). By (κ+++, κ++) κ
(κ+, κ) and the results of the previous section there exists a stationary set Sα on κ+++
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with the property that Card(X) = κ+, Card(X ∩κ++) = κ, κ ⊂ X and cof(X ∩κ+) = α
for all X ∈ Sα. Note that Sα is a condition in Pδ.
LetG ⊂ Pδ be a V -generic filter with Sα ∈ G. In V [G] there exists a generic elementary
j : V →M with the following properties:
(i) M is transitive, in fact, <δM ⊂M ;
(ii) S ∈ G⇔ j” [⋃S] ∈ j(S) for all conditions S ∈ Pδ.
From (ii) and the fact that Sα ∈ G we can then conclude the following facts:
• crit(j) = (κ+)V ,
• j((κ+)V ) = (κ+)V [G] = (κ+++)V ,
• cofV [G]((κ+)V ) = α.
By elementarity κ is then measurable in M and hence in V [G]. (The forcing does not
add bounded subsets to κ because κ is inaccessible.)
We can then use some normal measure on κ in V [G] to get a generic extension V [G] [H]
where cofV [G][H](κ) = ω and κ+ (formerly κ+++) is not collapsed. This shows that
(Pδ)Sα ∗ Q˙ (Q˙ a Pδ-name for the Prikry forcing) is as desired. a
4 Open Questions
We finish on a review of some interesting open problems. First, consider 2.3Basic
thoughtsthm.2.3; this lemma could be used to eliminate certain cofinalities from appear-
ing in Chang structures, but it is unclear if it is even consistent.
Question 1: Is it consistent to have for some regular cardinal κ, (κ+++, κ++) κ
(κ+, κ), and 2κ ≤ κ++ but 2κ+ > κ++?
Most interesting would be the ability to do away with countable cofinalities. Ideally, we
would like to prove that it is possible to always find Chang structures with uncountable
cofinality, assuming of course that we can find Chang structures at all. This would yield
better lower bounds for consistency strength, e.g. following [Cox11] we could conclude
that (κ+++, κ++)κ (κ+, κ) implies the existence of an inner model with a repeat point.
Question 2: Let κ be an uncountable, regular cardinal. Assume (κ+++, κ++)κ (κ+, κ).
Does there exist a stationary set of X ⊂ κ+++ witnessing (κ+++, κ++)κ (κ+, κ) with
the property that cof(X ∩ κ+) > ω?
Finally, our use of the Stationary Tower in our forcing construction has two major
downsides. Firstly, we do require an additional large cardinal that exists far above the
area we are generally interested in. Secondly, the Stationary Tower will collapse many
more cardinals than seemingly necessary for this purpose. We would like to know if it is
possible to replace it with a smaller tower of ideals or even a single ideal.
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Question 3: Is it consistent to have µ, a measurable cardinal, such that for all regular
α ≤ κ there exists a presaturated ideal Iα on Pµ+(µ++) such that {X ∈ Pµ+(µ++)| cof(X∩
µ+) = α} is Iα-positive?
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